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(IN)STABILITY OF TRAVELLING WAVES
IN A MODEL OF HAPTOTAXIS
K.E. HARLEY, P. VAN HEIJSTER, R. MARANGELL,
G.J. PETTET, T. V. ROBERTS AND M. WECHSELBERGER
Abstract. We examine the spectral stability of travelling waves of the hap-
totaxis model studied in [HvHM+14a]. In the process we apply Lie´nard coor-
dinates to the linearised stability problem and use a Riccati-transform/Grass-
manian spectral shooting method a` la [HvHM+15, LMNT09, LMT10] in order
to numerically compute the Evans function and point spectrum of a linearised
operator associated with a travelling wave. We numerically show the instabil-
ity of non-monotone waves (type IV) and the stability of the monotone ones
(types I-III) to perturbations in an appropriately weighted space.
1. Introduction
We study the system of partial differential equations (PDEs) introduced in
[PSNB99] to describe haptotactic cell invasion in a model for melanoma. Hap-
totaxis, similar to chemotaxis, describes the preferred motion of cells towards, or
away from, the gradient of a chemical concentration. This chemical is bound to a
surface for haptotaxis, while it is suspended in a fluid for chemotaxis [HvHM+14a].
The original proposed model in [PSNB99] considered three densities: the extracel-
lular matrix (ECM) concentration, the invasive tumour cell population, and the
density of protease. However, as the protease reaction was assumed to happen on
a (super-)fast time scale [PSNB99], a quasi-steady state approximation was used
to reduce to a simplified model considering only the densities of the ECM and the
tumour. Written in the nondimensionalised form of [HvHM+14a] that emphasises
its advection-reaction-diffusion structure, the model is given by(
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where u and w represent nondimensionalised concentrations of the ECM and the
invasive tumour cell population respectively, and with x ∈ R, t ∈ R+ and ε ≥ 0 a
small parameter1.
In [HvHM+14a] it was shown in a rigorous fashion that (1) supports four types
of travelling wave solutions. The classification of the travelling wave solutions was
based on distinguishing, qualitative features of the waves in the singular limit ε→ 0.
Type I waves are smooth with a monotone wave profile, type II waves are shock-
fronted in w (in the singular limit ε → 0) with a monotone wave profile, type III
waves are shock-fronted in w with a monotone wave profile whose w-component
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1Note that the original model in [PSNB99] ignored diffusion (ε = 0) as it was assumed that
diffusion only played a minimal role.
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<latexit sha1_base64 ="0oznb4VQQ8BFa8OM0+gzswkU2q8=">AAAB6Hi cbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jEB8 4BkCbOT3mTM7MwyMyuEJV/gxYMiXv0kb/6Nkwei iQUNRVU33V1RKrixvv/lra1vbG5tF3aKu3v7B4e lo+OmUZlm2GBKKN2OqEHBJTYstwLbqUaaRAJb0e h26rceURuu5L0dpxgmdCB5zBm1TqpnvVLZr/gz kB8SLJMyLFDrlT67fcWyBKVlghrTCfzUhjnVljO Bk2I3M5hSNqID7DgqaYImzGeHTsi5U/okVtqVtG Sm/p7IaWLMOIlcZ0Lt0Cx7U/E/r5PZ+CbMuUwzi 5LNF8WZIFaR6dekzzUyK8aOUKa5u5WwIdWUWZd N0YWw8vIqaV5WAr8S1K/KVbKIowCncAYXEMA1VO EOatAABghP8AKv3oP37L157/PWNW8xcwJ/4H18A 9jhjNg=</latexit><latexit sha1_base64 ="0oznb4VQQ8BFa8OM0+gzswkU2q8=">AAAB6Hi cbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jEB8 4BkCbOT3mTM7MwyMyuEJV/gxYMiXv0kb/6Nkwei iQUNRVU33V1RKrixvv/lra1vbG5tF3aKu3v7B4e lo+OmUZlm2GBKKN2OqEHBJTYstwLbqUaaRAJb0e h26rceURuu5L0dpxgmdCB5zBm1TqpnvVLZr/gz kB8SLJMyLFDrlT67fcWyBKVlghrTCfzUhjnVljO Bk2I3M5hSNqID7DgqaYImzGeHTsi5U/okVtqVtG Sm/p7IaWLMOIlcZ0Lt0Cx7U/E/r5PZ+CbMuUwzi 5LNF8WZIFaR6dekzzUyK8aOUKa5u5WwIdWUWZd N0YWw8vIqaV5WAr8S1K/KVbKIowCncAYXEMA1VO EOatAABghP8AKv3oP37L157/PWNW8xcwJ/4H18A 9jhjNg=</latexit><latexit sha1_base64 ="0oznb4VQQ8BFa8OM0+gzswkU2q8=">AAAB6Hi cbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jEB8 4BkCbOT3mTM7MwyMyuEJV/gxYMiXv0kb/6Nkwei iQUNRVU33V1RKrixvv/lra1vbG5tF3aKu3v7B4e lo+OmUZlm2GBKKN2OqEHBJTYstwLbqUaaRAJb0e h26rceURuu5L0dpxgmdCB5zBm1TqpnvVLZr/gz kB8SLJMyLFDrlT67fcWyBKVlghrTCfzUhjnVljO Bk2I3M5hSNqID7DgqaYImzGeHTsi5U/okVtqVtG Sm/p7IaWLMOIlcZ0Lt0Cx7U/E/r5PZ+CbMuUwzi 5LNF8WZIFaR6dekzzUyK8aOUKa5u5WwIdWUWZd N0YWw8vIqaV5WAr8S1K/KVbKIowCncAYXEMA1VO EOatAABghP8AKv3oP37L157/PWNW8xcwJ/4H18A 9jhjNg=</latexit><latexit sha1_base64 ="0oznb4VQQ8BFa8OM0+gzswkU2q8=">AAAB6Hi cbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jEB8 4BkCbOT3mTM7MwyMyuEJV/gxYMiXv0kb/6Nkwei iQUNRVU33V1RKrixvv/lra1vbG5tF3aKu3v7B4e lo+OmUZlm2GBKKN2OqEHBJTYstwLbqUaaRAJb0e h26rceURuu5L0dpxgmdCB5zBm1TqpnvVLZr/gz kB8SLJMyLFDrlT67fcWyBKVlghrTCfzUhjnVljO Bk2I3M5hSNqID7DgqaYImzGeHTsi5U/okVtqVtG Sm/p7IaWLMOIlcZ0Lt0Cx7U/E/r5PZ+CbMuUwzi 5LNF8WZIFaR6dekzzUyK8aOUKa5u5WwIdWUWZd N0YWw8vIqaV5WAr8S1K/KVbKIowCncAYXEMA1VO EOatAABghP8AKv3oP37L157/PWNW8xcwJ/4H18A 9jhjNg=</latexit>
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type IV wave
<latexit sha1_base64 ="cxlS8H6FxNka+cnGK6adURBVHao=">AAAB83i cbVBNS8NAEJ34WetX1aOXxSJ4Kkkveix40VsF+ wFtKJvtpF262YTdTaWE/g0vHhTx6p/x5r9xm+ag rQ8GHu/NMDMvSATXxnW/nY3Nre2d3dJeef/g8Oi 4cnLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8 HkduF3pqg0j+WjmSXoR3QkecgZNVbqLyRy3yZP dIqDStWtuTnIOvEKUoUCzUHlqz+MWRqhNExQrXu emxg/o8pwJnBe7qcaE8omdIQ9SyWNUPtZfvOcXF plSMJY2ZKG5OrviYxGWs+iwHZG1Iz1qrcQ//N6q Qlv/IzLJDUo2XJRmApiYpJ/O+QKmREzSyhT3N5 K2JgqyoyNqWxD8FZfXiftes1za95DvdogRRwlOI cLuAIPrqEBd9CEFjBI4Ble4c1JnRfn3flYtm44x cwZ/IHz+QNjsJEi</latexit><latexit sha1_base64 ="cxlS8H6FxNka+cnGK6adURBVHao=">AAAB83i cbVBNS8NAEJ34WetX1aOXxSJ4Kkkveix40VsF+ wFtKJvtpF262YTdTaWE/g0vHhTx6p/x5r9xm+ag rQ8GHu/NMDMvSATXxnW/nY3Nre2d3dJeef/g8Oi 4cnLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8 HkduF3pqg0j+WjmSXoR3QkecgZNVbqLyRy3yZP dIqDStWtuTnIOvEKUoUCzUHlqz+MWRqhNExQrXu emxg/o8pwJnBe7qcaE8omdIQ9SyWNUPtZfvOcXF plSMJY2ZKG5OrviYxGWs+iwHZG1Iz1qrcQ//N6q Qlv/IzLJDUo2XJRmApiYpJ/O+QKmREzSyhT3N5 K2JgqyoyNqWxD8FZfXiftes1za95DvdogRRwlOI cLuAIPrqEBd9CEFjBI4Ble4c1JnRfn3flYtm44x cwZ/IHz+QNjsJEi</latexit><latexit sha1_base64 ="cxlS8H6FxNka+cnGK6adURBVHao=">AAAB83i cbVBNS8NAEJ34WetX1aOXxSJ4Kkkveix40VsF+ wFtKJvtpF262YTdTaWE/g0vHhTx6p/x5r9xm+ag rQ8GHu/NMDMvSATXxnW/nY3Nre2d3dJeef/g8Oi 4cnLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8 HkduF3pqg0j+WjmSXoR3QkecgZNVbqLyRy3yZP dIqDStWtuTnIOvEKUoUCzUHlqz+MWRqhNExQrXu emxg/o8pwJnBe7qcaE8omdIQ9SyWNUPtZfvOcXF plSMJY2ZKG5OrviYxGWs+iwHZG1Iz1qrcQ//N6q Qlv/IzLJDUo2XJRmApiYpJ/O+QKmREzSyhT3N5 K2JgqyoyNqWxD8FZfXiftes1za95DvdogRRwlOI cLuAIPrqEBd9CEFjBI4Ble4c1JnRfn3flYtm44x cwZ/IHz+QNjsJEi</latexit><latexit sha1_base64 ="cxlS8H6FxNka+cnGK6adURBVHao=">AAAB83i cbVBNS8NAEJ34WetX1aOXxSJ4Kkkveix40VsF+ wFtKJvtpF262YTdTaWE/g0vHhTx6p/x5r9xm+ag rQ8GHu/NMDMvSATXxnW/nY3Nre2d3dJeef/g8Oi 4cnLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8 HkduF3pqg0j+WjmSXoR3QkecgZNVbqLyRy3yZP dIqDStWtuTnIOvEKUoUCzUHlqz+MWRqhNExQrXu emxg/o8pwJnBe7qcaE8omdIQ9SyWNUPtZfvOcXF plSMJY2ZKG5OrviYxGWs+iwHZG1Iz1qrcQ//N6q Qlv/IzLJDUo2XJRmApiYpJ/O+QKmREzSyhT3N5 K2JgqyoyNqWxD8FZfXiftes1za95DvdogRRwlOI cLuAIPrqEBd9CEFjBI4Ble4c1JnRfn3flYtm44x cwZ/IHz+QNjsJEi</latexit>
type III wave
<latexit s ha1_base64="F7G/93TQ Ox8K0HqKxXgFdg6HIug =">AAAB9HicbVA9SwNB EJ2LXzF+RS1tFoNgFe7S aBmwMV0E8wHJEfY2c8m Svb1zdy8SjvwOGwtFbP 0xdv4bN8kVGn0w8Hhvhp l5QSK4Nq775RQ2Nre2d 4q7pb39g8Oj8vFJW8epY thisYhVN6AaBZfYMtwI 7CYKaRQI7ASTm4XfmaL SPJb3ZpagH9GR5CFn1Fj JX0ik0WiQRzrFQbniVt 0lyF/i5aQCOZqD8md/G LM0QmmYoFr3PDcxfkaV4 UzgvNRPNSaUTegIe5ZK GqH2s+XRc3JhlSEJY2VL GrJUf05kNNJ6FgW2M6J mrNe9hfif10tNeO1nXC apQclWi8JUEBOT5btDrp AZMbOEMsXtrYSNqaLM2 JxKNgRv/eW/pF2rem7V u6tV6iSPowhncA6X4MEV 1OEWmtACBg/wBC/w6ky dZ+fNeV+1Fpx85hR+wfn 4Buc6kWg=</latexit><latexit s ha1_base64="F7G/93TQ Ox8K0HqKxXgFdg6HIug =">AAAB9HicbVA9SwNB EJ2LXzF+RS1tFoNgFe7S aBmwMV0E8wHJEfY2c8m Svb1zdy8SjvwOGwtFbP 0xdv4bN8kVGn0w8Hhvhp l5QSK4Nq775RQ2Nre2d 4q7pb39g8Oj8vFJW8epY thisYhVN6AaBZfYMtwI 7CYKaRQI7ASTm4XfmaL SPJb3ZpagH9GR5CFn1Fj JX0ik0WiQRzrFQbniVt 0lyF/i5aQCOZqD8md/G LM0QmmYoFr3PDcxfkaV4 UzgvNRPNSaUTegIe5ZK GqH2s+XRc3JhlSEJY2VL GrJUf05kNNJ6FgW2M6J mrNe9hfif10tNeO1nXC apQclWi8JUEBOT5btDrp AZMbOEMsXtrYSNqaLM2 JxKNgRv/eW/pF2rem7V u6tV6iSPowhncA6X4MEV 1OEWmtACBg/wBC/w6ky dZ+fNeV+1Fpx85hR+wfn 4Buc6kWg=</latexit><latexit s ha1_base64="F7G/93TQ Ox8K0HqKxXgFdg6HIug =">AAAB9HicbVA9SwNB EJ2LXzF+RS1tFoNgFe7S aBmwMV0E8wHJEfY2c8m Svb1zdy8SjvwOGwtFbP 0xdv4bN8kVGn0w8Hhvhp l5QSK4Nq775RQ2Nre2d 4q7pb39g8Oj8vFJW8epY thisYhVN6AaBZfYMtwI 7CYKaRQI7ASTm4XfmaL SPJb3ZpagH9GR5CFn1Fj JX0ik0WiQRzrFQbniVt 0lyF/i5aQCOZqD8md/G LM0QmmYoFr3PDcxfkaV4 UzgvNRPNSaUTegIe5ZK GqH2s+XRc3JhlSEJY2VL GrJUf05kNNJ6FgW2M6J mrNe9hfif10tNeO1nXC apQclWi8JUEBOT5btDrp AZMbOEMsXtrYSNqaLM2 JxKNgRv/eW/pF2rem7V u6tV6iSPowhncA6X4MEV 1OEWmtACBg/wBC/w6ky dZ+fNeV+1Fpx85hR+wfn 4Buc6kWg=</latexit><latexit s ha1_base64="F7G/93TQ Ox8K0HqKxXgFdg6HIug =">AAAB9HicbVA9SwNB EJ2LXzF+RS1tFoNgFe7S aBmwMV0E8wHJEfY2c8m Svb1zdy8SjvwOGwtFbP 0xdv4bN8kVGn0w8Hhvhp l5QSK4Nq775RQ2Nre2d 4q7pb39g8Oj8vFJW8epY thisYhVN6AaBZfYMtwI 7CYKaRQI7ASTm4XfmaL SPJb3ZpagH9GR5CFn1Fj JX0ik0WiQRzrFQbniVt 0lyF/i5aQCOZqD8md/G LM0QmmYoFr3PDcxfkaV4 UzgvNRPNSaUTegIe5ZK GqH2s+XRc3JhlSEJY2VL GrJUf05kNNJ6FgW2M6J mrNe9hfif10tNeO1nXC apQclWi8JUEBOT5btDrp AZMbOEMsXtrYSNqaLM2 JxKNgRv/eW/pF2rem7V u6tV6iSPowhncA6X4MEV 1OEWmtACBg/wBC/w6ky dZ+fNeV+1Fpx85hR+wfn 4Buc6kWg=</latexit>
type I wave
<latexit s ha1_base64="ubf1szD7 jSFsSvfODta0zcZNotU =">AAAB8nicbVBNS8NA EN34WetX1aOXxSJ4Kkkv eix40VsF+wFpKJvtpF2 62YTdSaWU/gwvHhTx6q /x5r9xm+agrQ8GHu/NMD MvTKUw6Lrfzsbm1vbOb mmvvH9weHRcOTltmyTTH Fo8kYnuhsyAFApaKFBC N9XA4lBCJxzfLvzOBLQ RiXrEaQpBzIZKRIIztJK /kOg9fWIT6Feqbs3NQd eJV5AqKdDsV756g4RnM Sjkkhnje26KwYxpFFzCv NzLDKSMj9kQfEsVi8EE s/zkOb20yoBGibalkObq 74kZi42ZxqHtjBmOzKq 3EP/z/Ayjm2AmVJohKL 5cFGWSYkLzZwdCA0c5tY RxLeytlI+YZhxtSmUbg rf68jpp12ueW/Me6tUG LeIokXNyQa6IR65Jg9yR JmkRThLyTF7Jm4POi/P ufCxbN5xi5oz8gfP5A7h 4kMI=</latexit><latexit s ha1_base64="ubf1szD7 jSFsSvfODta0zcZNotU =">AAAB8nicbVBNS8NA EN34WetX1aOXxSJ4Kkkv eix40VsF+wFpKJvtpF2 62YTdSaWU/gwvHhTx6q /x5r9xm+agrQ8GHu/NMD MvTKUw6Lrfzsbm1vbOb mmvvH9weHRcOTltmyTTH Fo8kYnuhsyAFApaKFBC N9XA4lBCJxzfLvzOBLQ RiXrEaQpBzIZKRIIztJK /kOg9fWIT6Feqbs3NQd eJV5AqKdDsV756g4RnM Sjkkhnje26KwYxpFFzCv NzLDKSMj9kQfEsVi8EE s/zkOb20yoBGibalkObq 74kZi42ZxqHtjBmOzKq 3EP/z/Ayjm2AmVJohKL 5cFGWSYkLzZwdCA0c5tY RxLeytlI+YZhxtSmUbg rf68jpp12ueW/Me6tUG LeIokXNyQa6IR65Jg9yR JmkRThLyTF7Jm4POi/P ufCxbN5xi5oz8gfP5A7h 4kMI=</latexit><latexit s ha1_base64="ubf1szD7 jSFsSvfODta0zcZNotU =">AAAB8nicbVBNS8NA EN34WetX1aOXxSJ4Kkkv eix40VsF+wFpKJvtpF2 62YTdSaWU/gwvHhTx6q /x5r9xm+agrQ8GHu/NMD MvTKUw6Lrfzsbm1vbOb mmvvH9weHRcOTltmyTTH Fo8kYnuhsyAFApaKFBC N9XA4lBCJxzfLvzOBLQ RiXrEaQpBzIZKRIIztJK /kOg9fWIT6Feqbs3NQd eJV5AqKdDsV756g4RnM Sjkkhnje26KwYxpFFzCv NzLDKSMj9kQfEsVi8EE s/zkOb20yoBGibalkObq 74kZi42ZxqHtjBmOzKq 3EP/z/Ayjm2AmVJohKL 5cFGWSYkLzZwdCA0c5tY RxLeytlI+YZhxtSmUbg rf68jpp12ueW/Me6tUG LeIokXNyQa6IR65Jg9yR JmkRThLyTF7Jm4POi/P ufCxbN5xi5oz8gfP5A7h 4kMI=</latexit><latexit s ha1_base64="ubf1szD7 jSFsSvfODta0zcZNotU =">AAAB8nicbVBNS8NA EN34WetX1aOXxSJ4Kkkv eix40VsF+wFpKJvtpF2 62YTdSaWU/gwvHhTx6q /x5r9xm+agrQ8GHu/NMD MvTKUw6Lrfzsbm1vbOb mmvvH9weHRcOTltmyTTH Fo8kYnuhsyAFApaKFBC N9XA4lBCJxzfLvzOBLQ RiXrEaQpBzIZKRIIztJK /kOg9fWIT6Feqbs3NQd eJV5AqKdDsV756g4RnM Sjkkhnje26KwYxpFFzCv NzLDKSMj9kQfEsVi8EE s/zkOb20yoBGibalkObq 74kZi42ZxqHtjBmOzKq 3EP/z/Ayjm2AmVJohKL 5cFGWSYkLzZwdCA0c5tY RxLeytlI+YZhxtSmUbg rf68jpp12ueW/Me6tUG LeIokXNyQa6IR65Jg9yR JmkRThLyTF7Jm4POi/P ufCxbN5xi5oz8gfP5A7h 4kMI=</latexit>
type II wave
<latexit sha1_base64 ="6fORe5cOl1sRlot1xNCada6kAdc=">AAAB83i cbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBmwMV0E8 wHJEfY2k2TJ3t6xuxcJR/6GjYUitv4ZO/+Nm8sV mvhg4PHeDDPzglhwbVz32ylsbe/s7hX3SweHR8c n5dOzto4SxbDFIhGpbkA1Ci6xZbgR2I0V0jAQ2A mmd0u/M0OleSQfzTxGP6RjyUecUWOl/lIijQZ5 ojMclCtu1c1ANomXkwrkaA7KX/1hxJIQpWGCat3 z3Nj4KVWGM4GLUj/RGFM2pWPsWSppiNpPs5sX5M oqQzKKlC1pSKb+nkhpqPU8DGxnSM1Er3tL8T+vl 5jRrZ9yGScGJVstGiWCmIhk3w65QmbE3BLKFLe 3EjahijJjYyrZELz1lzdJu1b13Kr3UKvUSR5HES 7gEq7Bgxuowz00oQUMYniGV3hzEufFeXc+Vq0FJ 585hz9wPn8AT7uRFQ==</latexit><latexit sha1_base64 ="6fORe5cOl1sRlot1xNCada6kAdc=">AAAB83i cbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBmwMV0E8 wHJEfY2k2TJ3t6xuxcJR/6GjYUitv4ZO/+Nm8sV mvhg4PHeDDPzglhwbVz32ylsbe/s7hX3SweHR8c n5dOzto4SxbDFIhGpbkA1Ci6xZbgR2I0V0jAQ2A mmd0u/M0OleSQfzTxGP6RjyUecUWOl/lIijQZ5 ojMclCtu1c1ANomXkwrkaA7KX/1hxJIQpWGCat3 z3Nj4KVWGM4GLUj/RGFM2pWPsWSppiNpPs5sX5M oqQzKKlC1pSKb+nkhpqPU8DGxnSM1Er3tL8T+vl 5jRrZ9yGScGJVstGiWCmIhk3w65QmbE3BLKFLe 3EjahijJjYyrZELz1lzdJu1b13Kr3UKvUSR5HES 7gEq7Bgxuowz00oQUMYniGV3hzEufFeXc+Vq0FJ 585hz9wPn8AT7uRFQ==</latexit><latexit sha1_base64 ="6fORe5cOl1sRlot1xNCada6kAdc=">AAAB83i cbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBmwMV0E8 wHJEfY2k2TJ3t6xuxcJR/6GjYUitv4ZO/+Nm8sV mvhg4PHeDDPzglhwbVz32ylsbe/s7hX3SweHR8c n5dOzto4SxbDFIhGpbkA1Ci6xZbgR2I0V0jAQ2A mmd0u/M0OleSQfzTxGP6RjyUecUWOl/lIijQZ5 ojMclCtu1c1ANomXkwrkaA7KX/1hxJIQpWGCat3 z3Nj4KVWGM4GLUj/RGFM2pWPsWSppiNpPs5sX5M oqQzKKlC1pSKb+nkhpqPU8DGxnSM1Er3tL8T+vl 5jRrZ9yGScGJVstGiWCmIhk3w65QmbE3BLKFLe 3EjahijJjYyrZELz1lzdJu1b13Kr3UKvUSR5HES 7gEq7Bgxuowz00oQUMYniGV3hzEufFeXc+Vq0FJ 585hz9wPn8AT7uRFQ==</latexit><latexit sha1_base64 ="6fORe5cOl1sRlot1xNCada6kAdc=">AAAB83i cbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBmwMV0E8 wHJEfY2k2TJ3t6xuxcJR/6GjYUitv4ZO/+Nm8sV mvhg4PHeDDPzglhwbVz32ylsbe/s7hX3SweHR8c n5dOzto4SxbDFIhGpbkA1Ci6xZbgR2I0V0jAQ2A mmd0u/M0OleSQfzTxGP6RjyUecUWOl/lIijQZ5 ojMclCtu1c1ANomXkwrkaA7KX/1hxJIQpWGCat3 z3Nj4KVWGM4GLUj/RGFM2pWPsWSppiNpPs5sX5M oqQzKKlC1pSKb+nkhpqPU8DGxnSM1Er3tL8T+vl 5jRrZ9yGScGJVstGiWCmIhk3w65QmbE3BLKFLe 3EjahijJjYyrZELz1lzdJu1b13Kr3UKvUSR5HES 7gEq7Bgxuowz00oQUMYniGV3hzEufFeXc+Vq0FJ 585hz9wPn8AT7uRFQ==</latexit>
Figure 1. The four different types of travelling wave solutions supported by
(1).
has semi-compact support, and type IV waves are shock-fronted in w with a non-
monotone wave profile (i.e. w is negative for certain parts of the profile). Figure 1
provides an example of the four types of waves found.
To arrive at this result [HvHM+14a] followed the work of [WP10] and the model
was analysed in its singular limit ε → 0 using canard theory and Lie´nard coordi-
nates. Smooth travelling wave solutions (type I) were explicitly found for speeds
larger than some critical speed c˜. Similarly, shock-fronted travelling wave solutions
(type II-IV) were found for speeds smaller than this critical speed c˜. In particu-
lar, type II waves exist for speeds in between the so-called minimal wave speed c∗
[PSNB99] and the critical wave speed c˜, while type III waves travel with the min-
imal wave speed c∗ and type IV waves travel slower than the minimal wave speed
c∗. These travelling wave solutions were shown to persist for a small ε through
the application of Geometric Singular Perturbation Theory (GSPT). These results
extended/formalised the earlier results of [Hos11, PSNB99].
The connection between the observed wave speed and the asymptotic behaviour
of its initial condition was also investigated numerically in [HvHM+14a]. How-
ever, the (spectral) stability of these four types of travelling waves has not been
determined before. Biologically, type IV waves are expected to be unstable sim-
ply because they contain regions with negative cell population. Furthermore, in
[MNB06] it is argued that Type III waves are physically the most realistic as they
have (i) sharp interfaces and (ii) zero tumour concentration in ahead of the inter-
face. We numerically find that these waves correspond to stable waves with the
smallest positive wave speed and that waves with smaller speeds (type IV waves)
are unstable. Mathematically, the type III waves decay much faster at +∞ than the
type II or IV waves. This means that their derivative still decays in the appropriate
exponentially weighted space. Hence, the temporal eigenvalue λ = 0, associated
with translation invariance, persists. This eigenvalue is a (locally) smooth function
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of the wave speed parameter c and moves into the right-half plane as the wave
speed is further decreased (as we numerically show).
1.1. Main result: spectral stability of type I-III waves and instability
of type IV waves. We numerically establish the stability of waves of type I-III
and the instability of waves of type IV in appropriately exponentially weighted
spaces via determination of the roots of an Evans function. Originally used in the
determination of stability of nerve-axon impulses, Evans functions have received a
boost in the last 30 years by linking stability of a travelling wave to geometric ideas
[AGJ90, AB02, BM15, CdRS16, DGK01, DGK02, GZ98, HZ06, LMT10, LMNT09,
San02]. Computing the Evans function can be numerically delicate, and there are
several geometrically inspired techniques to resolve this in the literature, [AGJ90,
AB02, BDG02, dRDR16, DGK02, GJ91, GBJ16, LMNT09, LMT10], to name a few.
For a nice exposition of some of these as well as further references, see [LMT10].
For our stability results, we will work on the Grassmannian as in [LMNT09,
LMT10]. The linearity of the spectral problem means it will induce a nonlinear
flow on the Grassmannian [BB81, LW96, LMNT09, LMT10, MH78, Sch73, Sha86].
Rather than keeping track of solutions themselves, since subspaces of solutions are
preserved, we instead track them on the Grassmannian under the induced flow
[LW96, LMNT09, LMT10, MH78, Sch73, Sha86]. The flow induced by a linear
system on the Grassmannian is called the generalised (or extended) Riccati flow
[Sha86]. It is a nonlinear, but lower order, flow on the manifold. The original
definition of the Evans function can now be interpreted in terms of this Riccati
flow on the Grassmannian, equivalently either through projection from the Steifel
manifold [LMT10] onto a chart of the Grassmannian, or (as we do in this manu-
script) via a meromorphic function which has been called the Riccati-Evans function
[HvHM+15]. Importantly, the solutions to the matrix Riccati equation seem to be
numerically well behaved on the (charts of the) Grassmannian and we no longer
have exponential growth of solutions [LMNT09, LMT10], though at the expense of
some solutions becoming singular [Lev59].
Our evolution of the boundary data follows the Evans function calculation tech-
niques developed in [LMNT09, LMT10], however, we have managed (in this case
at least) to avoid the singularities which are typically present in solutions to the
Riccati equation [Lev59, Sha86].
Previous uses of the Riccati equation to generate an Evans function include
[dRDR16, HvHM+15, LMNT09, LMT10]. In [LMT10], the Riccati-Evans function
approach was used to confirm stability of Boussinesq solitary waves, autocatalytic
travelling waves and the Ekman boundary layer. In [LMNT09], the authors fo-
cussed on the stability of wrinkled fronts in a cubic autocatalysis reaction-diffusion
system with two spatial independent variables. In [dRDR16], the singular na-
ture of the problem was exploited and used to generate a matrix Riccati equation
and subsequent flow on the Grassmannian in order to study the stability of pe-
riodic pulse wavetrains. In [HvHM+15] the Riccati-Evans function approach was
used to study the stability of travelling waves in two lower-dimensional models:
the Fisher/Kolmogorov-Petrovsky-Piscounov equation and a Keller-Segel model of
bacterial chemotaxis. In [LMNT09, LMT10], a chart changing mechanism was de-
scribed to avoid singularities of the Riccati equation on the fly, and the method
was linked to the so-called ‘continuous orthogonalisation’ method [HZ06, LMNT09],
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while in [HvHM+15] it was observed that by carefully picking a single standard
chart, singularities could be avoided.
The current manuscript shows another way to avoid singularities in the spectral
parameter regime of interest. In particular, we do not work in the standard charts
of the Grassmannian as in [HvHM+15], but rather a judiciously chosen one.
This manuscript is organised as follows, in section 2 we briefly discuss the key
results of [HvHM+14a] needed for the stability analysis. In section 3 we describe
the linearised problem and compute the essential and absolute spectrum of type
I-IV waves. In section 4 we expound on the Riccati-Evans function approach for
computing the point spectrum and in section 5 apply it to the haptotaxis model
(1) to show the spectral instability of the type IV waves, as well as numerical
evidence of spectral stability of waves of type I, II and III. In section 6 we briefly
discuss related future research directions, both for the haptotaxis model (1) and
the Riccati-Evans function.
2. Setup: existence of travelling waves
We reproduce the key results of [HvHM+14a] related to the existence of the
four different types of travelling wave solutions (in a slightly modified form from
[HvHM+14a]). Passing to a moving coordinate frame, we set z = x−ct where c > 0
is our wave speed parameter. We get the travelling wave form of the equation:(
u
w
)
t
= ε
(
u
w
)
zz
+
(
cu
cw − wuz
)
z
+
( −u2w
w(1− w)
)
.(2)
A travelling wave will be a steady state solution to (2), connecting two distinct
background states of (1). The background states of (1) are (u,w) = (0, 1) and
(u,w) = (u∞, 0), for u∞ ∈ R (i.e. we have a line of fixed points in (3)). Thus, a
travelling wave is a solution to the nonlinear ordinary differential equation (ODE)
and in what follows we set ′ := ddz for notational convenience:
0 = ε
(
u
w
)′′
+
(
cu
cw − wu′
)′
+
( −u2w
w(1− w)
)
(3)
satisfying the boundary conditions
(4) lim
z→−∞u(z) = 0, limz→+∞u(z) = u∞, limz→−∞w(z) = 1, limz→+∞w(z) = 0.
The second condition in (4) implies that the righthand boundary condition on u,
denoted u∞ is free. In what follows we assume u∞ > 0.
Introducing the variables (Lie´nard coordinates):
(5)
v := u′
y := εw′ − vw + cw
allows us to re-write (3) as a system of ODE with two fast (v and w) and two slow
(u and y) variables:
(6)
u′ = v,
y′ = −w(1− w),
εv′ = −cv + u2w,
εw′ = y + vw − cw .
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We will refer to (6) as the (nonlinear) slow system, and the variable z as the slow
travelling wave coordinate. To investigate the problem in the fast timescale, we
introduce the fast travelling wave coordinate ζ = z/ε and derive the corresponding
four dimensional (nonlinear) fast system with ε 6= 0 and with the convention that
˙ := ddζ
(7)
u˙ = εv,
y˙ = −εw(1− w),
v˙ = −cv + u2w,
w˙ = y + vw − cw .
As in [HvHM+14a] we now set ε = 0 and pick out our solutions from the resulting
systems. As ε→ 0 the nonlinear fast system becomes the so-called layer problem
(8)
u˙ = 0,
y˙ = 0,
v˙ = −cv + u2w,
w˙ = y + vw − cw,
while the nonlinear slow system becomes the so-called reduced problem
(9)
u′ = v,
y′ = −w(1− w),
0 = −cv + u2w,
0 = y + vw − cw.
Now we choose appropriate solutions to (8) and (9), and glue them together at their
end-states of the dependant variables, producing weak travelling wave solutions to
(1) for ε = 0. In [HvHM+14a], the authors then exploit GSPT to show that these
solutions perturb appropriately in the full nonlinear ODEs given in (3).
2.1. The layer problem. Steady states of the layer problem given in (8) define a
critical manifold S, represented as a graph over (u,w),
(10) S =
{
(u, v, w, y)
∣∣∣∣v = u2wc , y = −u2w2c + cw
}
,
and we will henceforth consider the existence problem in a single coordinate chart by
projecting onto (u,w) space. The most important property of the critical manifold
S is that it is folded. We cite the following lemma from [HvHM+14a] without proof:
Lemma 2.2 ([HvHM+14a], Lem 2.2). The critical manifold S of the layer problem
is folded around the curve
F (u,w) := 2u2w − c2 = 0
in the (u,w) plane with one attracting side Sa and one repelling side Sr.
We refer to the curve F (u,w) = 0 as the fold curve or the wall of singularities.
The terminology follows from the behaviour of the reduced problem (see below).
The so-called fast fibres of the layer problem connect points on S with constant u
and y. Due to the stability of S, the direction of the flow along these fast fibres is
from the repelling side Sr to the attracting side Sa (see Figure 2).
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Figure 2. A schematic of the critical manifold S. The fold curve F is rep-
resented by the dashed line (green online). The upper part of the surface is
the repelling side of the manifold Sr and the lower part the attracting side of
the manifold Sa. The flow of the layer problem is along fast fibres, an example
of which is shown. Fast fibres connect a point on Sr (labelled (u, v−, w−, y)),
to a point of Sa (labelled (u, v+, w+, y)). Along these fast fibres u and y are
constant. From the layer dynamics, it follows that the direction of the flow can
only be from Sr to Sa.
2.3. The reduced problem. Equation (9) is a differential-algebraic problem. The
reduced flow is constrained to the critical manifold S, and the reduced vector field
is contained in the tangent bundle of S. Since S is given as a graph over (u,w)
space, we study the reduced flow in the single coordinate chart. In [HvHM+14a] it
was shown that the reduced problem contains a so-called folded saddle canard point
[WP10].
Eliminating v and y from (9) gives the reduced vector field on S,
(11)
(
c 0
−2uw2/c c− 2u2w/c
)(
u
w
)′
=
(
u2w
−w(1− w)
)
.
The left hand side of (11) is singular along the fold curve F (u,w) = 0, but can be
desingularised by multiplying both sides by the co-factor matrix of the matrix on
the left in (11), and by rescaling the independent variable z = z(z¯) such that
dz
dz¯
= c2 − 2u2w.
This gives the desingularised system
du
dz¯
= cu2w − 2u
4w2
c
dw
dz¯
= −cw(1− w) + 2u
3w3
c
.
(12)
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The equilibrium points of (12) are (uU , wU ) = (0, 1), (uS , wS) = (u∞, 0), u∞ ∈ R
and
(13) (uH , wH) =
(
c
4
[
c+
√
c2 + 8
]
,
1
uH + 1
)
.
The first two equilibrium points listed correspond to the background states of (1),
while the last is a product of the desingularisation. More specifically, the Jacobian
at (uU , wU ) = (0, 1) has eigenvalues and eigenvectors
λ1 = c, ψ1 = (0, 1), λ2 = 0, ψ2 = (1, 0),
and is therefore centre-unstable; the Jacobian at (uS , wS) = (u∞, 0) has eigenvalues
and eigenvectors
λ1 = −c, ψ1 = (−u2∞, 1), λ2 = 0, ψ2 = (1, 0),
and is therefore centre-stable; and finally, the Jacobian at (uH , wH) has eigenvalues
and eigenvectors
λ± =
(
c−√c2 + 8
2
)4 1± c
√(
4
c−√c2 + 8
)4
− 3
 , ψ± = (f±(c),−1),
with
f±(c) :=
c2(c+ Γ)4
64(c2 + cΓ + 1)± 2(c+ Γ)2√16 + 24cΓ− 48c2 + 6c3Γ− 6c4 ,
where Γ :=
√
c2 + 8, and is therefore a saddle for all c > 0.
To obtain the (u,w)-phase portrait in terms of the variable z, we observe that
dz
dz¯
> 0 on Sa (that is, below the fold curve F ), while
dz
dz¯
< 0 on Sr. Therefore, the
direction of the trajectories in the (u(z), w(z))-phase portrait will be in the opposite
direction to those in the (u(z¯), w(z¯)) phase portrait for trajectories on Sr, but in
the same direction for trajectories on Sa. This does not affect the stability or type
of the fixed points (uU , wU ) and (uS , wS) as they are on Sa. However, (uH , wH)
is not a fixed point of (11). Rather, as the direction of the trajectories on Sr are
reversed, the saddle equilibrium of (12) becomes a folded saddle canard point of
(11) [WP10]. In particular, on Sr the stable (unstable) eigenvector of the saddle
equilibrium of (12) becomes the unstable (stable) eigenvector of the folded saddle
canard point. This allows two trajectories to pass through (uH , wH): one from Sa
to Sr and one from Sr to Sa. The former is the so-called canard solution and the
latter the faux canard solution [WP10].
The (u,w)-phase portrait parameterised by z is shown in Figure 3.
2.4. Travelling wave solutions. As alluded to in the introduction, four distinct
types of travelling wave solutions to (1) were identified in [HvHM+14a], denoted
types I, II, III, and IV (see Figure 1). The solutions were found as solutions to
the desingularised system of the reduced problem and were glued together with
(appropriate) fast fibres of the layer problem to produce (weak) traveling wave
solutions to the full nonlinear travelling wave PDE given in (2) (with ε = 0).
These solutions were then shown to persist for small enough values of the diffusion
parameter ε via standard approaches in GSPT.
Figure 4 provides an example of the four types of waves found in the phase
portrait of their desingularised reduced systems. Type I waves are smooth positive
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Figure 3. The (u,w)-phase portrait parameterised by the variable z. The fold
curve (dashed, green online) is labelled F and the folded saddle canard point
is the open black square on it. The two solid black circles are the background
states (0, 1) and (u∞, 0), which are fixed points of both (11) and (12). Travel-
ling wave solutions are connections from unstable steady state (0, 1) to any of
the family of stable steady states (u∞, 0) along the u-axis. The region below
F , labelled Sa corresponds to the attracting side of the critical manifold S, and
above F , (red online), corresponds to the repelling side Sr. The dotted line
connecting the canard point (orange online) to the line of steady states is a sep-
aratrix (faux canard). Thus, existence of a heteroclinic connection (travelling
wave) from the left steady state to the point marked u∞ is only possible if the
trajectory passes through the canard point and then travels along the repelling
side of the critical manifold before travelling back down to the attracting sheet
via a fast fibre. This results in a shock fronted travelling wave.
waves lying entirely in the attracting sheet of the critical manifold. Type II waves
exhibit a shock in w (in the singular limit). They pass through the folded saddle
canard point in the reduced problem, and then travel along a fast fibre of the layer
problem, landing on the attracting branch of the critical manifold, from which they
continue on to the steady state u∞. The length of the jump is determined by the
wave speed c (or by u∞) and the symmetry of S. In particular the jump in w is
symmetric around the fold curve F with u fixed [HvHM+14a]. Type III waves are
those that jump directly from the repelling sheet of the critical manifold S to the
line of steady states of the reduced problem. Type IV waves are those for which w
exhibits negative values after the jump.
3. The spectral problem, essential and absolute spectrum
In this section, and what follows, we assume that a travelling wave solution to
(1) of type I-IV is given, denoted by u := (u,w)>. We view the travelling wave u
as a steady state to (2), and motivated by dynamical systems theory, we want to
examine a linear spectral problem associated with (2) at u. The linearisation of (2)
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Type IV: c = 0.65 < c⇤.
<latexit sha1_base64="j/ hEQYUSjj2sSbWa5nW60NLuRso=">AAAB/3icbVDJSgNBEK 1xjXEbFbx4aUwE8TDMBFwQhYAXvUXIBskw9HR6kiY9C909Q og5+CtePCji1d/w5t/YSeagiQ8KHu9VUVXPTziTyra/jYXF peWV1dxafn1jc2vb3NmtyzgVhNZIzGPR9LGknEW0ppjitJ kIikOf04bfvxn7jQcqJIujqhok1A1xN2IBI1hpyTP3q1pEd /VLVCTXtnV2ekW8E6vomQXbsidA88TJSAEyVDzzq92JSRr SSBGOpWw5dqLcIRaKEU5H+XYqaYJJH3dpS9MIh1S6w8n9I3 SklQ4KYqErUmii/p4Y4lDKQejrzhCrnpz1xuJ/XitVwYU7Z FGSKhqR6aIg5UjFaBwG6jBBieIDTTARTN+KSA8LTJSOLK9 DcGZfnif1kuXYlnNfKpSLWRw5OIBDOAYHzqEMt1CBGhB4hG d4hTfjyXgx3o2PaeuCkc3swR8Ynz+lH5Mp</latexit><latexit sha1_base64="j/ hEQYUSjj2sSbWa5nW60NLuRso=">AAAB/3icbVDJSgNBEK 1xjXEbFbx4aUwE8TDMBFwQhYAXvUXIBskw9HR6kiY9C909Q og5+CtePCji1d/w5t/YSeagiQ8KHu9VUVXPTziTyra/jYXF peWV1dxafn1jc2vb3NmtyzgVhNZIzGPR9LGknEW0ppjitJ kIikOf04bfvxn7jQcqJIujqhok1A1xN2IBI1hpyTP3q1pEd /VLVCTXtnV2ekW8E6vomQXbsidA88TJSAEyVDzzq92JSRr SSBGOpWw5dqLcIRaKEU5H+XYqaYJJH3dpS9MIh1S6w8n9I3 SklQ4KYqErUmii/p4Y4lDKQejrzhCrnpz1xuJ/XitVwYU7Z FGSKhqR6aIg5UjFaBwG6jBBieIDTTARTN+KSA8LTJSOLK9 DcGZfnif1kuXYlnNfKpSLWRw5OIBDOAYHzqEMt1CBGhB4hG d4hTfjyXgx3o2PaeuCkc3swR8Ynz+lH5Mp</latexit><latexit sha1_base64="j/ hEQYUSjj2sSbWa5nW60NLuRso=">AAAB/3icbVDJSgNBEK 1xjXEbFbx4aUwE8TDMBFwQhYAXvUXIBskw9HR6kiY9C909Q og5+CtePCji1d/w5t/YSeagiQ8KHu9VUVXPTziTyra/jYXF peWV1dxafn1jc2vb3NmtyzgVhNZIzGPR9LGknEW0ppjitJ kIikOf04bfvxn7jQcqJIujqhok1A1xN2IBI1hpyTP3q1pEd /VLVCTXtnV2ekW8E6vomQXbsidA88TJSAEyVDzzq92JSRr SSBGOpWw5dqLcIRaKEU5H+XYqaYJJH3dpS9MIh1S6w8n9I3 SklQ4KYqErUmii/p4Y4lDKQejrzhCrnpz1xuJ/XitVwYU7Z FGSKhqR6aIg5UjFaBwG6jBBieIDTTARTN+KSA8LTJSOLK9 DcGZfnif1kuXYlnNfKpSLWRw5OIBDOAYHzqEMt1CBGhB4hG d4hTfjyXgx3o2PaeuCkc3swR8Ynz+lH5Mp</latexit><latexit sha1_base64="j/ hEQYUSjj2sSbWa5nW60NLuRso=">AAAB/3icbVDJSgNBEK 1xjXEbFbx4aUwE8TDMBFwQhYAXvUXIBskw9HR6kiY9C909Q og5+CtePCji1d/w5t/YSeagiQ8KHu9VUVXPTziTyra/jYXF peWV1dxafn1jc2vb3NmtyzgVhNZIzGPR9LGknEW0ppjitJ kIikOf04bfvxn7jQcqJIujqhok1A1xN2IBI1hpyTP3q1pEd /VLVCTXtnV2ekW8E6vomQXbsidA88TJSAEyVDzzq92JSRr SSBGOpWw5dqLcIRaKEU5H+XYqaYJJH3dpS9MIh1S6w8n9I3 SklQ4KYqErUmii/p4Y4lDKQejrzhCrnpz1xuJ/XitVwYU7Z FGSKhqR6aIg5UjFaBwG6jBBieIDTTARTN+KSA8LTJSOLK9 DcGZfnif1kuXYlnNfKpSLWRw5OIBDOAYHzqEMt1CBGhB4hG d4hTfjyXgx3o2PaeuCkc3swR8Ynz+lH5Mp</latexit>
Figure 4. An illustration of the four different types of waves found in
[HvHM+14a] in the phase portrait of the critical manifold S as c is varied,
for fixed u∞ = 1. The fold lines are indicated by the green dashed lines la-
belled F . As in Figure 3 the attracting sheet of the critical manifold is to
the left of the fold, while the repelling sheet is to the right. Type I waves are
smooth and do not cross to the repelling side of S. Type II waves are sharp
fronted, owing to passing through the canard point on the fold of the critical
manifold to the repelling sheet, type IV waves are also sharp-fronted travelling
solutions, but are non-monotone. Type III waves, which exist for a unique wave
speed c = c∗, are the transition between type II and type IV waves where the
waves jump through the fast system directly to the line of fixed points on the
critical manifold.
at u is formally given by:
(14)
(
p
r
)
t
= ε
(
p
r
)′′
+ c
(
p
r
)′
−
(
0
wp′ + u′r
)′
+
(−2uwp− u2r
(1− 2w)r
)
.
We denote the linear operator L(u) as the right hand side of (14) acting on the
perturbations p and r. That is:
L(u) := ε∂zz + c∂z −
(
0 0
w∂zz + w
′∂z u′∂z + u′′
)
+
(−2uw −u2
0 (1− 2w)
)
.
We define the spectrum of L(u), denoted σ(L(u)) as those λ ∈ C such that L(u)−λI
is not invertible on the space X := H1(R)×H1(R) (that is we require both p and r
and their derivatives to be square integrable functions from R→ C). To find such
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values of λ we study the system of non-autonomous ODEs
(15) ε
(
p
r
)′′
+ c
(
p
r
)′
−
(
0
u′r + wp′
)′
+
(
(−2uw − λ)p− u2r
(1− 2w − λ)r
)
=
(
0
0
)
The idea now is to use a linearisation of the Lie´nard coordinates introduced in (5)
to derive a linear system with the same slow-fast structure as the original travelling
waves u. We introduce the new linearised, Lie´nard variables
(16) q := p′ and s := εr′ + cr − u′r − wq,
and we rewrite (L(u)− λI)
(
p
r
)
= 0 as a slow-fast, linear, non-autonomous system
with two fast (q and r) and two slow (p and s) variables
(17)

p
s
εq
εr

′
=

0 0 1 0
0 0 0 λ− 1 + 2w
λ+ 2uw 0 −c u2
0 1 w u′ − c


p
s
q
r
 .
We refer to (17) as the (linear) slow system, again with the slow variable z. For
notational convenience, we will denote the vector (p, s, q, r) as p and note that we
can write (17) as p′ = A(z;λ, ε)p where A(z;λ, ε) is the matrix given by
(18) A(z;λ, ε) :=

0 0 1 0
0 0 0 λ− 1 + 2w
(λ+ 2uw)/ε 0 −c/ε u2/ε
0 1/ε w/ε (u′ − c)/ε
 .
We can make the same change of independent variable as before, ζ = z/ε, to derive
the (linear) fast system
(19)

p˙
s˙
q˙
r˙
 =

0 0 ε 0
0 0 0 ε(λ− 1 + 2w)
λ+ 2uw 0 −c u2
0 1 w u′ − c


p
s
q
r
 =: B(ζ;λ, ε)p.
We next recall that our travelling waves in both the slow and the fast variables are
asymptotically constant - they either satisfy the boundary conditions given in (4)
or the jump conditions. The jump conditions in this framework are determined by
the symmetry of S about the fold curve and are given as
v+ − v− = u
2
c
(w+ − w−),
w+ + w− =
c2
u2
where the ± subscript denotes the value of the given variable at the beginning or end
state of the shock respectively and we recall that u is constant during the shock
[HvHM+14a]. As z or ζ → ±∞ the matrices A(z;λ, ε), and B(ζ;λ, ε) will tend
towards the constant matrices A±(λ, ε) and B±(λ, ε) respectively. The matrices
A± are given by:
A−(λ, ε) :=

0 0 1 0
0 0 0 λ+ 1
λ/ε 0 −c/ε 0
0 1/ε 1/ε −c/ε
 , A+(λ, ε) :=

0 0 1 0
0 0 0 λ− 1
λ/ε 0 −c/ε u2∞/ε
0 1/ε 0 −c/ε
 .
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The matrices B±(λ, ε) are given by
B±(λ, ε) :=

0 0 ε 0
0 0 0 ε(λ− 1 + 2w±)
λ+ 2uw± 0 −c u2
0 1 w± v± − c
 .
Where u is a constant in the fast (nonlinear) system, and v± and w± are the jump
conditions that must be satisfied along the fast fibres.
3.1. Definition of the essential and point spectrum. In this section, we follow
[KP13, San02]. The spectrum σ(L(u)) splits up into two parts, the point spectrum,
denoted σpt(L(u)) and the essential spectrum denoted σc(L(u)). We define the
point spectrum as the values of λ ∈ σ(L(u)) where L(u)−λ has a finite dimensional
kernel and cokernel, and the index of L(u) − λ := dim(kernel) – dim(cokernel) is
zero. We define the essential spectrum as the complement σc(L(u)) := σ(L(u)) \
σpt(L(u)) of the point spectrum.
The operator ddz −A(z;λ, ε) is a relatively compact perturbation of the piecewise
operator ddz − A±(λ, ε) for z ≶ 0 in H1(R±), (and likewise for the appropriate B
matrices). Thus, the essential spectrum is where the Morse indices (dimension of
the unstable spatial eigenspace) of the end states are different [KP13, San02].
For waves of type I, II, and IV the end-states of the wave are in the slow system,
and so the matrices A±(λ, ε) determine the essential spectrum. We have that
λ ∈ σc(L(u)) when A+(λ, ε) has a different number of unstable spatial eigenvalues
from A−(λ, ε), or either one has a purely imaginary eigenvalue. In all cases, this is
a region in the complex plane bounded by the so-called dispersion relations. These
are curves where A+(λ, ε), A−(λ, ε) have purely imaginary eigenvalues ik for k ∈ R,
and are the following four curves (two lie on top of each other):
(20)
λ = −εk2 − 1 + ick, (A−(λ, ε) has eigenvalue ik)
λ = −εk2 + ick, (A±(λ, ε) has eigenvalue ik)
λ = 1− εk2 + ick (A+(λ, ε) has eigenvalue ik)
For waves of type III, the end-state of the wave is in the slow system as z → −∞
but in the fast system as ζ → +∞, and now the essential spectrum is the λ ∈ C
when A−(λ, ε) has a different number of unstable eigenvalues from B+(λ, ε). We
note that it is necessary to use B+ in order to apply Weyl’s theorem to compute the
essential spectrum of the type III waves, while to compute the essential spectrum
of the type II and IV waves, one needs to use A+. However it turns out that the
dispersion relations from the matrix B+ define the same set of curves in the spectral
parameter as those from A+. This is because of the specific values that the jump
conditions take for the type III waves (v+ = w+ = 0). The dispersion relations for
the type III waves are
(21)
λ = −εk2 − 1 + ick, (A−(λ, ε) has eigenvalue ik)
λ = −εk2 + ick, (A−(λ, ε) has eigenvalue ik)
ελ = −k2 + ick (B+(λ, ε) has eigenvalue ik)
ελ = ε− k2 + ick (B+(λ, ε) has eigenvalue ik).
The second and third curves lie on top of each other, even though their expressions
are different. The essential spectrum for a type III waves is thus the same as that
of types I, II and IV (see Figure 5).
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Figure 5. A plot of the essential spectrum of the operator L(u). The dark
lines (blue online) bounding the essential spectrum and passing through the
origin in the complex plane are the dispersion relations for the matrices A±
and B+, labelled accordingly (see (20)). In all cases qualitatively the essential
spectrum is the same. For this figure, the value of ε = 0.01 while c = 1. The
absolute spectrum in this case is the set (−∞, 1 − c24ε ] = (−∞,−24] ∈ R. In
particular it is real, and far to the left (in the region Ω2 and out of the figure).
We also remark that the dispersion relations divide the complex plane into three
disjoint regions. The first we denote by Ω1. In the type I, II or IV case, this is the
region where if Im (λ) = ck for some k ∈ R, then Re (λ) > 1− εk2, i.e. to the right
of the essential spectrum. Ω1 is also to the right of the essential spectrum in the
type III case, though here if Im (λ) = ckε , then we require Re (λ) > 1 − k
2
ε . The
next region is σc (L(u)) where L(u)−λ does not have Fredholm index 0. The third
remaining region of the complex plane, to the left of σc (L(u)), we denote Ω2 (see
Figure 5).
Since we are concerned with stability of the travelling waves found in [HvHM+14a],
it is worth mentioning that for all types of travelling waves identified, the inter-
section of the essential spectrum with the right half plane is nonempty. However,
by considering appropriate weights and weighted spaces we can move the spectrum
of the linearised operator into the left half plane for all four types of travelling
waves. This implies the presence of a so-called transient, or convective instability,
[San02, SS00] where small perturbations either outrun the travelling wave, or die
back into the wave, resulting in temporal evolution to a translate (perhaps with
a slightly modified wave speed) of the original wave. As the perturbation outruns
the wave, it can (and generically will) affect the asymptotic decay rate which,
because this equation shares dynamical qualitative features with Fishers equation,
will affect the asymptotic wave speed and the position of the centre of the wave, see
also [HvHM+14a] The effect is that small perturbations of the original travelling
wave evolve into waves that are similar in appearance and behaviour to the original
wave (even if the difference in an H1 norm grows in time), and so we do not really
consider these to be instabilities.
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What does pose a problem for (spectral) stability is the so-called absolute spec-
trum. The absolute spectrum is not spectrum per se, but rather is defined as the
values of the spectral parameter λ where a pair of eigenvalues of the limiting ma-
trices, (i.e. A±(λ, ε) in the type I, II and IV cases and A−(λ, ε) and B+(λ, ε) in
the type III case) have equal real parts. The absolute spectrum provides a bound
for how far the essential spectrum can be moved by considering perturbations with
different weights. In particular if the absolute spectrum is in the right half of the
complex plane, there is no choice of a weight that can move the essential spectrum
into the left half plane.
The eigenvalues of A−(λ, ε) for all types of waves are found to be the following,
(22) µ±0 :=
−c±√c2 + 4ελ
2ε
µ±−1 :=
−c±√c2 + 4ε(λ+ 1)
2ε
,
while the eigenvalues of A+(λ, ε) (for types I, II and IV only) are
(23) ρ±0 := µ
±
0 =
−c±√c2 + 4ελ
2ε
ρ±1 := µ
±
1 :=
−c±√c2 + 4ε(λ− 1)
2ε
,
and the eigenvalues of B+(λ, ε) for a type III wave are
(24) β±0 := εµ
±
0 =
−c±√c2 + 4ελ
2
β±1 := εµ
±
1 =
−c±√c2 + 4ε(λ− 1)
2
.
The naming conventions are as follows: µ for A at minus infinity, ρ for A at plus
infinity, and β for B at plus infinity. The ± refers to the choice of the square root in
the eigenvalue calculation, and the subscript −1, 1, 0 refers to the value of λ which
makes the eigenvalue with the positive square root = 0.
The absolute spectrum is real for all waves and consists of the half line
(25) σabs :=
(
−∞, 1− c
2
4ε
]
,
and hence will be in the left half of the complex plane provided that c2 > 4ε.
This is identical to the case of the travelling waves found in the Fisher-KPP waves
(where ε is the diffusion parameter/coefficient). However, unlike in the Fisher-
KPP case where the diffusion coefficient is often taken to be on the same order
as the wave speed, here we have that 0 < ε  1 and so for the parameter regime
considered in this manuscript we do not expect the absolute spectrum to destabilise
the travelling waves of interest. In the travelling waves of type I-IV studied here,
as we shall see, there is another destabilising factor due to an element of the point
spectrum entering into the right half plane.
4. Point spectrum and the Riccati-Evans function
We next compute the point spectrum, or lack thereof, in the right half complex
plane of the linearised operator associated with the travelling waves of types I-IV
found in section 3. To do this, we use a modified version of the so-called Evans
function [KP13]. In order to verify the lack of point spectrum of travelling waves
of type I-III in the right half plane, and to show the existence of an eigenvalue
in the case of a type IV wave, we want to exploit the geometry of the system in
order to more efficiently make the computations. This results in relating the Evans
function to the so-called Riccati equation on the Grassmannian of two planes in
C4. We produce an Evans function of sorts in that it is an eigenvalue detector,
though it does not have all the nice properties of the classical Evans function. In
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particular it is meromorphic rather than analytic, and it does not appear to be
independent of the value of z at which it is evaluated. However we show that the
zeros of this function are indeed independent of the point of evaluation and provided
certain conditions are met, coincide with the multiplicity of the zeros of the Evans
function.
We recall some familiar results arising in the definition of the Evans function
that will be useful for our purposes later. For a detailed discussion and proofs, see
[KP13]. We begin with point spectrum that is away from the essential spectrum.
We say that λ 6∈ σc(L(u)) is an eigenvalue of the wave u (or of L(u)) if we can find
functions
(
φ1
φ2
)
∈ X such that L(u)
(
φ1
φ2
)
= λ
(
φ1
φ2
)
. For ε 6= 0, this is equivalent
to finding a λ for which there is a solution to the linearised slow problem (i.e. a
solution to (17) in the case of a type I wave), or slow–fast–slow problem (a solution
to (17), then (19) and then (17) in the type II and IV case) or slow–fast problem
(a solution to (17), then (19) in the type III case) decaying to zero as z → ±∞.
Exponential dichotomy for λ ∈ Ω1 means that there is only one way to do this. Let
Ξu denote the unstable subspace of A−(λ, ε) and Ξs denote the stable subspace of
A+(λ, ε) in the case that u is a type I, II, or IV wave, or the stable subspace of
B+(λ, ε) in the case of a type III wave.
We note that Ξu,s are each two-dimensional for λ ∈ Ω1 (to the right of the
essential spectrum) while for λ ∈ Ω2 (to the left fo the essential spectrum) Ξu is
zero. We thus (initially) restrict our search for eigenvalues to those λ ∈ Ω1 which
are to the right of the essential spectrum. That is, for a λ ∈ Ω1, we let Wu,s(z) be
the (two dimensional) span of solutions to the linearised system along a travelling
wave decaying to Ξu,s respectively (the span of the Jost solutions as in [KP13]).
We have the following:
Lemma 4.1 ([KP13]). Let λ ∈ Ω1, then Wu(z0) ∩W s(z0) 6= {0} for all z0 ∈ R if
and only if λ is an eigenvalue.
Now suppose we pick a pair of linearly independent solutions in each of Wu and
W s respectively, then the above lemma says that if we evaluate them at a given
fixed z0 (say z0 = 0), then λ will be an eigenvalue if and only if the four are linearly
dependent. Denoting these solutions by xu1 (z;λ),x
u
2 (z;λ),x
s
1(z, λ) and x
s
2(z;λ) We
define the Evans function as
(26) D(λ) := det
(
xu1 (0;λ),x
u
2 (0;λ),x
s
1(0, λ),x
s
2(0;λ)
)
We have the following
Theorem 4.2 ([KP13]). The functions xu,s1,2(z) can be chosen so that D(λ) is ana-
lytic for λ away from the essential spectrum. The roots of the Evans function D(λ)
are independent of the choice of z0 being chosen to be 0. The Evans function is
unique up to multiplication by a nonzero function g(λ). For λ to the right of the
essential spectrum, the Evans function is zero if and only if λ is an eigenvalue of
u.
We remark that the additional exponential factor present in many Evans function
computations [KP13] is dropped, as in [LMT10] as the evolution on the Grassman-
nian will make it redundant.
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4.3. The Riccati equation and the Grassmannian. In this section, for the de-
scription of the Riccati flow on the Grassmanian, we mostly follow, [HM77, LMT10,
Sha86] with some small adaptations to make things more clear for our purposes. We
want to exploit some of the geometry behind linear ODEs (17) and (19). The first
observation is that because our ODE is linear, the solution operator maps subspaces
to subspaces. This means that for λ to the right of the essential spectrum, both
Wu(z) and W s(z) will each be two dimensional subspaces of C4 for all z ∈ R. Since
we are interested in tracking the evolution of the entire subspace, we can consider
the (nonlinear) ODE on the space of complex two dimensional subspaces of C4,
the Grassmannian of two planes in four space,[HM77] which we denote Gr(2, 4). In
this manuscript, since we are primarily only considering the Grassmannian of two
planes in four space we drop the numbers and refer to it just as G. Before we de-
scribe the associated Riccati equation on G, we pause for a moment to recall some
facts about G and its coordinatisation. These facts (or equivalent generalisations)
can be found in most introductory texts on algebraic geometry, see for example
[Har92, SR94].
The manifold G is a smooth, compact, complex manifold, of complex dimen-
sion 4. It is a homogeneous space, G ≈ U(4)/(U(2) × U(2)), where U(n) is the
unitary group - the real Lie group of real dimension n2 of complex matrices U
such that U¯TU = I. We construct charts on the Grassmannian in the usual
way, via the Plu¨cker coordinates. For a pair of vectors v = (v1, v2, v3, v4)
> and
w = (w1, w2, w3, w4)
>, in C4 we observe that v and w are linearly independent
(i.e. the plane Pv,w spanned by v and w is an element of G), if and only if
the values of Kij := viwj − vjwi are not all zero for all i 6= j. That is the vector
(K12,K13,K14,K23,K24,K34) 6= 0. This naturally embeds G into P5, the complex
projective space (this is called the Plu¨cker embedding). We will use the usual des-
ignation of coordinates in projective space, [K12 : K13 : K14 : K23 : K24 : K34] to
signify that they are not all zero. It can be checked that if Pv,w represents a complex
two plane in four space, then the following Plu¨cker relation must hold in the Plu¨cker
coordinates: K12K34−K13K24+K14K23 = 0. In this way, G is seen to be a smooth
(because it is a homogeneous space) variety in P5 of complex projective space. This
also gives it the structure of a complex manifold. In a given chart, we can view G as
a graph over the remaining variables. For example, suppose that K12 6= 0, then in
the Plu¨cker coordinates we have, by dividing through by K12 , that our plane is rep-
resented by the sextuplet [1 : K13 : K14 : K23 : K24 : K13K24 −K14K23], and that
this represents the plane spanned by (1, 0,−K23,−K24)> and (0, 1,K13,K14)>,
which we will write in so-called frame notation [LMT10, Sha86]
1 0
0 1
−K23 K13
−K24 K14
 = ( IK
)
.
The 4×2 matrix written as a pair of 2×2 matrices is called a frame for the plane
that is the span of its columns. Now we want to see how our linear ODE induces a
flow on G. Such a flow will be called the associated Riccati equation. We describe
the general process, and then later consider the linear equation coming from the
spectral problem at hand. We begin by considering a 4 × 4 linear ODE acting on
pairs of vector spaces, and writing it in the frame notation form that will be useful
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later [HM77, LMT10, Sha86]:
(27)
[
X
Y
]′
= A(z)
[
X
Y
]
:=
[
A(z) B(z)
C(z) D(z)
] [
X
Y
]
where X,Y, A,B,C,D are all 2× 2 matrices in the independent variable z.
Suppose, for the moment that our evolution takes place where X(z) is invertible.
We can therefore represent the plane
[
X
Y
]
by the plane
[
Id
YX−1
]
. Denoting the
matrix YX−1 by W, we have that
W′ =
(
YX−1
)′
= Y′X−1 + Y(X−1)′
= Y′X−1 −YX−1X′X−1
= (CX +DY) X−1 −YX−1 (AX +BY) X−1
(28)
where the second step used the fact that XX−1 = I and the third used (27).
Substituting back in gives
(29) W′ = C +DW−WA−WBW.
Equation (29) will be called the (associated) Riccati equation [Lev59, MH78, Sha86].
It is a higher order analogue of the familiar Riccati equation for second order linear
ODEs. This Riccati equation is a nonlinear, non-autonomous ODE of half of the
original order. The Riccati equation as written in (29) governs the flow on a chart
of G equivalent to the original flow prescribed by (27). Just as in the more familiar
lower order case, solutions to the Riccati equation can become infinite [Lev59].
Geometrically, this means that we are leaving the chart of G (as det(X) → 0)
[LMT10]. We will return to how to handle this later, but for the moment, we wish
to understand how the Evans function defined above fits into the Riccati equation
formulation.
The spans of solutions Wu,s(z) decaying to Ξu,s as z → ±∞ are solutions to
the Riccati flow on G. We write them as
[
Xu
Yu
]
, for the span of Wu(z) and
[
Xs
Ys
]
for the span of W s(z) where Xu,s and Yu,s are each 2× 2 matrices (the pair Xu,s
and Yu,s are called the Jost matrices in [KP13]), and again, assuming that we stay
in the same chart (i.e det(Xu,s) 6= 0), we have two solutions to the Riccati flow,
Wu(z) := Yu(Xu)−1 and Ws(z) := Ys(Xs)−1. Recall that the eigenvalue problem
as we have set it up is to determine whether or not the subspaces Wu,s(z0) intersect
nontrivially. So writing the definition of the Evan’s function from (26) in this new
notation, we are interested in zeros of the following function:
D(λ) := det
[
Xu(z0, λ) X
s(z0, λ)
Yu(z0, λ) Y
s(z0, λ)
]
,
and we know that the subspaces represented by
[
Xu,s(z0, λ)
Yu,s(z0, λ)
]
are the same as those
represented by
[
Id
Wu,s(z0, λ)
]
. The question is how to relate the determinant of[
Id Id
Wu(z0, λ) W
s(z0, λ)
]
to D(λ)?
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It is straightforward to check that for a pair of 2 × 2 matrices A and B, the
following holds
(30) det
(
I I
A B
)
= det(B −A).
That is, the determinant of the 4× 4 matrix on the left is equal to the determinant
of the difference of the matrices B and A. This is in fact generically true for n× n
matrices, one just replaces the 2 × 2 with the appropriately sized identity matrix.
It can also be extended to matrices with a block structure of a more generic type
(see [Sil00]), though we will not need the full generic statement here. We thus have:
det
[
Id Id
Wu(z0, λ) W
s(z0, λ)
]
= det(Ws(z0, λ)−Wu(z0, λ)).
Denote the function
(31) E(z0;λ) := det(W
s(z0;λ)−Wu(z0;λ)).
Next, we note that[
Id Id
Wu(z0, λ) W
s(z0, λ)
]
=
[
Xu(z0, λ) X
s(z0, λ)
Yu(z0, λ) Y
s(z0, λ)
] [
(Xu)−1(z0, λ) 0
0 (Xs)−1(z0, λ)
]
and taking determinants and using (30) we have that
det(Xu(z0;λ)) det(X
s(z0;λ))E(z0;λ) = D(λ).
Definition 4.4. We call the function E(z0, λ) the Riccati-Evans function.
4.5. Changing charts. In this section, we use the general coordinatisaion of the
Grassmannian found in [SR94]. A chart on the Grassmannian is a map T : G→ C4.
We can think of the charts as parametrised by invertible matrices T ∈ GL(C, 4) in
the sense that if we multiply a frame
(
X
Y
)
by a matrix T and then compose the
result with the Plu¨cker coordinate map, we get a new coordinate representation
for the original plane. For example, suppose we consider the plane spanned by
the columns of the frame
(
0
I
)
. This plane is not in the chart where K12 6= 0
described earlier, rather its coordinates in P5 are [0 : 0 : 0 : 0 : 0 : 1], so it lies
in the chart where K34 6= 0. However if we multiply the original frame by the
matrix T =
(
0 I
I 0
)
, then in the new coordinate chart associated with T we have
that the frame is given as
(
I
0
)
, and so in this chart, the same plane is represented
by K12 6= 0. This parametrisation has several advantages, namely it allows us to
write down a single expression for the evolution of an ODE which changes implicitly
depending on the chart (matrix T) we choose.
We next write out our matrix Riccati equation in the chart parametrised by T.
This is the evolution equation on G under the change of variables determined by
T. Suppose that in our original variables
(32)
[
X
Y
]′
= A(z)
[
X
Y
]
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Then if T is an invertible matrix, so that we have
T
[
X
Y
]
=:
[
XT
YT
]
and
(33)
[
XT
YT
]′
= T−1A(z)T
[
XT
YT
]
=:
[
AT(z) BT(z)
CT(z) DT(z)
] [
XT
YT
]
.
Defining WT = YTX
−1
T , the Riccati equation in this chart is
W′T = CT +DTWT −WTAT −WTBTWT.
We have therefore absorbed the chart implicitly into the computations, in order to
have a single set of ODEs to evolve.
Likewise, we can define the Riccati-Evans function on this chart
ET(z0;λ) := det(W
s
T(z0;λ)−WuT(z0;λ)),
and the relation
(34) det(XuT(z0;λ)) det(X
s
T(z0;λ))ET(z0;λ) = D(λ)
still holds. Note that the full Evans function D(λ) is unchanged by a chart change,
so (34) will stay the same. The constituent parts on the left hand side, and in
particular ET will change, but their product, D(λ) will not. The Riccati-Evans
function is not independent of the change of coordinates, but we use this to our
advantage. We will choose a chart (matrix T) so that det(Xu,sT ) 6= 0 in the spectral
parameter regime of interest, and produce a function ET, the zeros of which coincide
with those of D(λ).
We note that in the current notation, the function defined in (31) is for the chart
corresponding to the identity. That is
E(z0;λ) = EI(z0;λ).
4.6. Extension into the essential spectrum. Using Ξu,s defined above as initial
conditions, we can then (numerically) compute the Riccati-Evans function on any
chart associated with an invertible matrix T for any λ ∈ Ω1. We would like to
consider a larger domain of λ ∈ C however, not just those λ ∈ Ω1. This is relatively
straightforward provided we stay away from values of λ in the absolute spectrum,
computed above in (25).
To extend the Evans function, we track the eigenvectors associated with µ+0,−1
and ρ−0,1 (see (22) and (23)) as we vary λ. Starting with a λ ∈ Ω1, we can continue
the Evans function (and the Riccati-Evans function) as we vary λ through the
curves defined by the dispersion relations in (20). A root of D(λ) will no longer
be evidence of any solution which decays at ±∞ but rather a solution that decays
at ±∞ along the eigenspaces Ξs,u. For example, the eigenvalue associated with
the derivative of the type I, II and IV waves found in section 2 will not be a root
of this extended Riccati-Evans function, as the solution will not decay along the
appropriate subspace. So, even though λ = 0 (and in fact any λ ∈ σc (L) not on the
boundary of σc (L)) will technically be an eigenvalue of L, in the sense that there
will be a decaying L2 solution to the ODE, it will not be a root of this extended
Evans function. In some sense this is preferred as eigenvalues found in this manner
can not be removed by considering functions in weighted space which moves the
essential spectrum into the left half plane, whereas eigenvalues which are removed
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due to weighting are associated with so-called transient or convective instabilities
[KP13, SS00] which are known to affect the temporal dynamics of the wave less
strongly or noticeably than eigenvalues which cannot be weighted away. As we
shall see, it is these eigenvalues (roots of the extended Evans function) which are
associated with a change in stability of the travelling waves outlined in section 2.
4.7. Winding numbers. One typical way that the analyticity of the Evans func-
tion D(λ) is employed is via the argument principle from complex analysis. This
can be stated as follows
Theorem 4.8 ([CKP05]). Suppose f : Ω→ C is a complex meromorphic function
on a simply connected domain Ω with a smooth boundary, and that f(z) has no
zeros or poles on ∂Ω. Then
1
2pii
∮
∂Ω
f ′(z)
f(z)
dz = N − P
Where N and P are integers that are equal to the number of zeros and poles of f(z)
in Ω respectively.
The integer |N − P | is also known as the winding number of the function f(z).
It is equal to the absolute value of the net number of times the image of f(z) winds
around the origin in C as the variable z traverses the boundary ∂Ω.
We apply this to the formula defining the Riccati-Evans functions in order to
interpret the winding of the functions ET in terms of the roots of D(λ). Suppose
that we were in the chart corresponding to the matrix T. Denoting · := d
dλ
we
have ∮
∂Ω
E˙T(λ)
ET(λ)
dλ =
∮ d
dλ
(
D(λ)
detXuT detX
s
T
)
(
D(λ)
detXuT detX
s
T
) dλ
=
∮
D˙(λ)
D(λ)
dλ−
∮
det X˙
u
T
det XuT
dλ−
∮
det X˙
s
T
det XsT
dλ
(35)
If we can choose a chart such that the det(Xu,sT ) 6= 0 inside the simply connected
domain Ω, then the right two terms in (35) vanish and the number of zeros of the
Riccati-Evans function equals number of zeros of the original Evans function.
5. (In)Stability Results: Application to the Model Equations
We apply the Riccati-Evans function described in section 4 to first establish the
numerical instability of travelling waves of type IV. We do this by tracking a real
eigenvalue crossing zero into the right half plane as we lower the travelling wave
speed below the minimal speed c∗ demarcating the transition from type II to type
IV waves. We then numerically establish the stability of waves of type I, II and III
by showing that for a reasonably large subset of the eigenvalue parameter λ ∈ C,
with 0 ≤ Re (λ) ≤ 104 there are no roots of the Evans function when u is a travelling
wave of speed c > c∗.
We compute the Riccati-Evans function for (18) with asymptotic end states
consisting of the stable subpace of A+ and unstable subspace of A− for numerically
computed waves of type I, II and IV. Without the precise wave speed of the type
III waves, it is not possible to numerically solve for them, so all spectral data
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of the point spectrum must be inferred [HvHM+14a]. We used the continuation
program AUTO to numerically compute travelling waves of type I, II and IV (and to
approximate the minimal wave speed of type III), and used Mathematica’s NDSolve
function to solve the Riccati equation and compute the Riccati-Evans function. See
Figures 6, 7, 8 and 9.
The only remaining ingredient is a (matrix for a) coordinate chart T. Finding
such a chart can be a nontrivial task as there will inevitably be singularities in
the matrix Riccati equation. The idea is to find a coordinate chart where the
singularities do not appear in the region of the eigenvalue space we are interested
in. For this system the matrix
T =

−i 0 1 0
0 i 0 1
0 0 i 0
0 0 0 −i

was used and evidently produced no singularities of the Riccati equation (or the
Riccati-Evans function) for values of λ on the real line or in the upper right half of
the complex plane (that we could observe numerically). A detailed determination
of a chart that would always have this feature, as well as a proof of why that might
be the case, is beyond the scope of this manuscript.
5.1. Instability of type IV waves. We first establish the instability of the type
IV waves by plotting the Riccati-Evans function for real values of λ and tracking a
real eigenvalue as it crosses the imaginary axis as we lower the wave speed parameter
c below the threshold of the type III waves (c∗ ≈ 0.6701). See Figure 6. From the
plots of the Riccati-Evans function in the chart T, we see that for real values of λ
there do not appear to be any singularities of the function ET(0;λ), thus any zeros
that appear are indeed zeros of the original Evans function and hence eigenvalues
of the operator L(u). There are many zeros on the real line, all of them negative
until c is made low enough, whereby the leading zero crosses into the right half
plane.
5.2. Stability of waves of type I, II and III. To numerically establish the
spectral stability of travelling waves of type I and, II (and to infer spectral stability
of the waves of type III), in the appropriately exponentially weighted spaces, we
plot the argument of the Riccati-Evans function for successively larger regions in
the upper right half plane. Because the travelling wave that we are linearising about
is real, we know that any eigenvalues of the operator L(u) must come in complex
conjugate pairs, so if λ is a root of D(λ), then λ¯ must also be a root of D(λ). A
consequence of (34) is that, away from the poles of ET, roots of the Riccati-Evans
function must also come in conjugate pairs. Hence, it is sufficient to investigate the
first quadrant of the complex plane for eigenvalues. In what follows, we show the
numerical evidence for stability of type I waves only, the figures for waves of type
II are qualitatively the same. Figure 7 shows a plot of the function ET(λ; 0) for
real values of λ. It is clear that there are no roots of the Riccati-Evans function for
λ < 20. To investigate complex eigenvalues, we plot the argument of the function
ET a large section of the complex plane. For a meromorphic function, a zero or
a pole is represented by the coalescing of many contour lines of the argument of
the function. Hence, we can visually see from Figure 8 that there are no zeros or
poles of the linearised operator L(u) for the type I wave in this region of C. We
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Figure 6. The top figures in each column show the type of wave that we are
linearising about (Left column: type II, close to but slightly above the minimal
wavespeed, and right column: type IV close to but slightly below). The bottom
figures show the real and imaginary (blue and orange online respectively) parts
of the Riccati-Evans function ET(0;λ), computed as a function of the (real)
eigenvalue parameter λ. As the wave speed c is decreased through the minimal
wave speed (c∗ ≈ 0.6701), there is a real root of the Riccati-Evans function
(and hence a real eigenvalue of the operator L(u)) which crosses into the right
half plane, and as the type II waves transition to those of type IV, they become
unstable.
confirm this with the argument principle by computing the winding number of the
Riccati-Evans function on successively larger quarter circles and can again visually
see that no winding takes place (see Figure 9).
6. Discussion and future work
In this manuscript, we studied the spectral stability of the four different types
of travelling waves supported by an advection-reaction-diffusion equation origi-
nally proposed in [PSNB99] to describe haptotactic cell invasion in a model for
melanoma. Using a Riccati-Evans function approach, we numerically showed that
the biologically-unfeasible type IV waves – waves for which the invasive tumour cell
population wave profile w is negative for certain parts of the profile – are unsta-
ble, while the other three types of waves where the tumour cell population w stays
positive are spectrally stable. Heuristically, instability of the type IV waves follows
from the fact that the type III waves have a (very) fast decay at +∞. Thus λ = 0,
the eigenvalue associated with spatial invariance of the front, is a temporal eigen-
value in the now weighted space. It persists, and in this case moves into the right
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Figure 7. A plot of the real and imaginary (blue and orange online) parts
of the function ET for positive real values of the temporal spectral parameter
λ for the linearised operator about a type I wave. The parameter values are
u∞ = 1, c = 1 and ε = 0.01.
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Figure 8. Left: A plot of contour lines of the argument of the
function ET(λ; 0) for the region of the first quadrant in the right
half plane extending out to Re (λ) < 10 and Im (λ) < 10. It is clear
that there are no zeros or poles of the function ET in this region
and hence no temporal eigenvalues. One can see the contour lines
coalescing on a zero or a pole in the left half plane (in this case it
is a pole). Right: A plot of contour lines of the argument of the
function ET(λ; 0) for the region of the first quadrant in the right
half plane extending out to Re (λ) < 10, 000 and Im (λ) < 10, 000.
It is clear that there are no zeros or poles of the function ET in
this region, and hence no temporal eigenvalues. Parameter values
used were u∞ = 1, c = 1, and ε = 0.01.
half-plane as the wave-speed is further decreased (which is what we numerically
showed).
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Figure 9. (Colour online.) A plot of the function Arg(ET) for values on the
quarter circles of radius 10 (top) and 10,000 (bottom). The left figures depict
a (logarithmic) parametrisation of the quarter circle, while the right figures
are the corresponding plots (see colour online) of Arg(ET). It is clear from
the plots that there is no winding of the function ET here, and hence there is
no spectrum of the linearised operator L(u) in this region either. Parameter
values used were u∞ = 1, c = 1, and ε = 0.01.
A logical next step is to further study the connection between the observed
wave speed and the asymptotic behaviour of its initial condition. This connection
was already partly investigated in [HvHM+14a, PMN00]. In [HvHM+14a], formal
computations around the asymptotic end state of a travelling wave are used to show
that the type I and type II waves travel with speed c = 1/χ+O(ε), where χ is the
asymptotic decay rate at ∞ of the exponentially decaying initial condition for w
(i.e. w(x, 0) = w0(x) = max{1, e−χx}). This result was also numerically verified in
[PMN00]. Unfortunately, the asymptotic linear analysis of [HvHM+14a] was unable
to derive a correct approximation for the minimal wave speed c∗ associated with the
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type III waves (i.e. the type III waves are pushed fronts [vS03]), see in particular
[HvHM+14a, Fig. 10]. In [PMN00], the authors used a power series approximation
to derive a quadratic relationship between the minimal wave speed c∗ and the
asymptotic end state of the wave u∞ in the singular limit ε = 0. Combining the
results of [HvHM+14a] and [PMN00] indicated that c∗ = c∗(u∞, ε) and it remains
to be seen if this relationship can be derived analytically.
We are currently working on using this approach to study the stability of trav-
elling waves in a model for wound healing angiogenesis [HvHM+14b], a model
for stellar wind [CKW17], and in two different types of tumour invasion models
[DvHMR18, SHvHB16]. The Riccati-Evans function approach in this manuscript
does not take advantage of the singularly perturbed nature of the stability prob-
lem. The nonlocal eigenvalue problem approach [DGK01, DGK02, vHDK08] and
the singular limit eigenvalue problem approach [NF87, NMIF90] are two related
analytical techniques that use this singular perturbed nature to simplify the Evans
function computations. It would be interesting to see if, similar to [dRDR16], one
of these techniques can be incorporated in the Riccati-Evans function approach to
further optimise the computations. In particular, in [dRDR16] the authors use the
Riccati equation and the singularly perturbed nature of the problem to compute a
factored Evans function via the Grassmanian, where one of the factors is analytic
and never zero, thus reducing the calculations necessary for eigenvalue determina-
tion. We comment that the factorisation of the Evans function given by (34) is
reminiscent of that in [dRDR16] (when the chart is chosen properly) - though it
does not make use of any singular structure in the problem.
We note that in [GBJ16], the authors factor the Evans function in a different
way, reducing the computations to ones in a unitary matrix (Hopf) bundle. The
factorisation in (34) is seemingly complementary to that in [GBJ16] in the sense
that the unstable bundle in [AGJ90] factors into two sub-bundles, the transition
maps of one being the unitary group, while the transition maps of the other are the
Grassmannian (in the sense that it is a homogeneous space of Lie groups).
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